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Abstract

Solutions to the Schrödinger, heat and stochastic Schrödinger equation with rather
general potentials are represented, both in x- and p-representations, as integrals over
the path space with respect to σ-finite measures. In the case of x-representation,
the corresponding measure is concentrated on the Cameron–Martin Hilbert space of
curves with L2-integrable derivatives. The case of the Schrödinger equation is treated
by means of a regularization based on the introduction of either complex times or
continuous non-demolition observations.

0. Introduction

The Feynman path integral is known to be a powerful tool in different domains
of physics. At the same time, the mathematical theory underlying lots of (often
formal) physical calculations is far from being complete. In the most usual ap-
proaches to the mathematically rigorous construction of the Feynman integral, one
defines this integral as some generalised functional on an appropriate space of func-
tions, or as the limit of certain discrete approximations (see e.g. [ABB, ACH, AH,
AKS1, CW, E, ET, HKPS, K1, K2, SS, T1, T2, TZ] and references therein).
An alternative way of constructing the path integral, initiated in [MCh], defines
it as an expectation with respect to a certain compound Poisson process (see e.g.
[ChQ, Co1, Co2, Ga, M1, MCh, PQ] and references therein). Most of these ap-
proaches can cover only a very restrictive class of potentials, namely the case of
potentials being the Fourier transforms of finite measures (and some its generaliz-
ations, say with potentials depending in a certain way on velocity). In this paper we
construct Feynman’s integral as a genuine integral over a bona fide σ-finite positive
measure on a path space for a rather general class of potentials. However, for the
case of the Schrödinger equation the integral is not absolutely convergent (usually)
and needs a certain regularization, which are of the same kind as one usually uses to
give a rigorous meaning to a conditionally convergent finite-dimensional Riemann
integral.

Furthermore, in the original papers of Feynman the path integral was defined
(heuristically) in such a way that the solutions to the Schrödinger equation were
expressed as the integrals of the function exp{iS}, where S is the classical action
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along the paths. It seems that rigorously the corresponding measure was not con-
structed even for the case of the heat equation with sources (notice that in the famous
Feynman-Kac formula that gives rigorous path integral representation for the solu-
tions to the heat equation a part of the action is actually “hidden” inside the Wiener
measure). An attempt to construct such a measure leads to a different kind of path
integral, which is discussed in the last section of the paper, together with its rep-
resentation in the Fock space. The latter allows us to represent this integral as an
integral over the Wiener measure.

0·1. Potentials being Fourier transforms of finite measures

The starting point for the present study is the representation to the solutions of
the Schrödinger equation with a potential being the Fourier transform of a finite
measure in terms of the expectation of a certain functional over the path space of
a certain compound Poisson process. As was mentioned, the main ingredient of this
representation was first given in [MCh]. We shall start here with a simple proof of
this representation, which clearly indicates the road for the generalizations that are
the subject of this paper.

Let the function V = Vµ,f have the form

V (x) = Vµ,f (x) =
∫

Rd
eipxf (p)M (dp), (0·1)

where f is a bounded measurable complex-valued function and M is a positive finite
Borel measure on Rd with λM = M (Rd) < ∞. In order to represent Feynman’s
integral in probabilistic terms, it is convenient to assume that M has no atom at the
origin, i.e. M ({0}) = 0. This assumption is by no means restrictive, because one can
ensure its validity by shifting V by an appropriate constant. Under this assumption,
if

W (x) =
∫

Rd
eipxM (dp), (0·2)

then the equation

∂u

∂t
=
(
W

(
1
i

∂

∂y

)
− λM

)
u, (0·3)

or equivalently

∂u

∂t
=
∫

(u(y + ξ)− u(y))M (dξ), (0·4)

defines a Feller semigroup, which is the semigroup associated with the compound
Poisson process having the Lévy measure M (see e.g. [J] or [Pr] for the neces-
sary background in the theory of Lévy processes) (notice only that the condition
M ({0}) = 0 ensures that M is actually a measure on Rd\{0}, i.e. it is a finite Lévy
measure). As is well known, such a process has almost surely piecewise constant
paths. More precisely, a random path Y of this process on the interval of time [0, t]
starting at a point y is defined by a finite, say n, number of the moments of jumps
0 < s1 < · · · < sn 6 t, which are distributed according to the Poisson process N
with the intensity λM = M (Rd), and by the independent jumps δ1, . . . , δn at these
moments, each of which is a random variable with values in Rd\{0} and with the
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distribution defined by the probability measure M/λM . This path has the form

Yy(s) = y + Y s1...sn
δ1...δn

(s) =


Y0 = y, s < s1,
Y1 = y + δ1, s1 6 s < s2,
· · ·
Yn = y + δ1 + δ2 + · · · + δn, sn 6 s 6 t.

(0·5)

We shall denote by E[0,t]
y the expectation with respect to the process defined by (0.4).

Consider the Schrödinger equation

∂ψ

∂t
=
i

2
∆ψ − iV (x)ψ, (0·6)

where V is a function (possibly complex-valued) of form (0.1). The equation on the
inverse Fourier transform

u(y) = ψ̃(y) = (2π)−d
∫

Rd
e−iyxψ(x)dx

of ψ (or (0.6) in momentum representation) clearly has the form

∂u

∂t
= − i

2
y2u− iV

(
1
i

∂

∂y

)
u. (0·7)

Proposition 0·1. Let u0 be a bounded continuous function. Then the solution to the
Cauchy problem of (0·7) with the initial function u0 has the form

u(t, y) = exp{tλM}E[0,t]
y [F (Y (.))u0(Y (t))], (0·8)

where, if Y has form (0·5),

F (Y (.)) = exp

{
− i

2

n∑
j=0

(Yj , Yj)(sj+1 − sj)
}

n∏
j=1

(−if (δj)) (0·9)

(sn+1 is assumed to be equal to t in this formula).

In particular, choosing u0 to be the exponential function eiyx0 one obtains a path
integral representation for the Green function of (0·6) in momentum representation.

0·2. Path integral as a sum of finite-dimensional integrals

One way to visualize the integral (0·8) is by rewriting it as a sum of finite di-
mensional integrals. To this end, let us introduce some notations. Let PCp(s, t) (or
shortly PCp(t), if s = 0) denote the set of all right continuous and piecewise-constant
paths [s, t] 7→ Rd starting from the point p, and let PCnp (s, t) denote its subset con-
sisting of the paths with exactly n discontinuities. Topologically, PC0

p is a point and
PCnp = Simn

t × (Rd\{0})n, n = 1, 2, . . . , where

Simn
t = {s1, . . . , sn: 0 < s1 < s2 < · · · < sn 6 t}

denotes the standard n-dimensional Simplex. In fact, the numbers sj stand for the
moments of jumps, and n copies of Rd\{0} stand for the values of these jumps (see
(0·5)). Clearly to each σ-finite measure M on Rd\{0} (or on Rd without an atom at
the origin) corresponds the σ-finite measure MPC = MPC(t, p) on PCp(t), which is
defined as the sum of measuresMPC

n , n = 0, 1, . . . , with eachMPC
n being the measure

on PCnp (t) defined as the product-measure of the Lebesgue measure on Simn
t and of
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n copies of the measure M on Rd, i.e. if Y is parametrized as in (0·5), then

MPC
n (dY (.)) = ds1 · · · dsnM (dδ1) · · ·M (dδn).

From the well known structure of the Poisson process it follows that (0·8) can be
rewritten in the form

u(t, y) =
∫
PCy(t)

MPC(dY (.))F (Y (.))u0(Y (t)), (0·10)

or, equivalently, as

u(t, y) =
∞∑
n=0

un(t, y) =
∞∑
n=0

∫
PCny (t)

MPC
n (dY (.))F (Y (.))u0(Y (t)). (0·11)

The integrals in this series can be written more explicitly (see as usual (0·5) for the
parametrization of the paths Y ) as

un(t, y) =
∫
PCny (t)

MPC
n (dY (.))F (Y (.))u0(Y (t))

=
∫

Simnt

ds1 · · · dsn
∫

Rd
· · ·
∫

Rd
M (dδ1) · · ·M (dδn)

×F (y + Y s1...sn
δ1···δn (.))u0(y + δ1 + · · · + δn). (0·12)

Notice that the multiplier exp{tλM} in (0·8) is due to the fact that the integral in
(0·8) is not exactly over the measure MPC , but over a probability measure obtained
from MPC by an appropriate normalization (namely, MPC(PC1

p(t)) = t + O(t2) for
small t, and the normalized measure of the corresponding Poisson process is such that
the probability of PC1

p(t) is λM (t+O(t2)) exp{−tλM} and the jumps are distributed
according to the normalized measure M/λM ).

0·3. Connection with perturbation theory

A simple proof of (0·11) can be obtained from non-stationary perturbation theory,
which we recall now for further references. It is well known that one can rewrite (0·6)
in the integral form

ψ(t) = ei∆t/2ψ0 − i
∫ t

0
ei∆(t−s)/2V ψ(s)ds (0·6′)

(here V means actually the operator of multiplication on the function V ), which
contains not only the information from (0·6), but also the information from the initial
data ψ0. Though, strictly speaking, (0·6′) is not quite equivalent to (0·6) (because, for
instance, a solution to (0·6′) may not belong to the domain of the operator ∆) under
reasonable assumptions on V (for example, if V is bounded, or V ∈ Lp + L∞ with
p > max(2, d/2), which is quite enough for our purposes) the solutions to (0·6′) defines
the Schrödinger evolution eit(∆/2−V ), see e.g. [Y] (or earlier paper [Ho]), where (0·6′)
is used to prove the existence of the Schrödinger propagator in even more general
cases of time-dependent potentials.

Substituting the left-hand side of (0·6′) in its right-hand side and iterating this
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procedure one obtains for ψ the standard perturbation theory representation

ψ(t) =
[
ei∆t/2 − i

∫ t

0
ei∆(t−s)/2V ei∆s/2ds

+(−i)2
∫ t

0
ds

∫ s

0
dτei∆(t−s)/2V ei∆(s−τ )/2V ei∆τ/2 + · · ·]ψ0. (0·13)

Therefore, if (0·13) is convergent, then its sum defines a solution to (0·6′). Clearly,
this is the case for bounded functions V , but actually holds also for more general V
(see [Y]).

In order to see how (0·11) follows from (0·13), it is convenient to write (0·13)
in p-representation and then consider it as a series in the Banach space C0(Rd)
of continuous functions vanishing at infinity. In p-representation the operator of
multiplication on V takes the form −iV (−i(∂/∂y)) (which is just the operator of
convolution with the measure µ) and the operator ei∆t/2 is the multiplication on
e−ity

2/2. Thus, under the assumptions of the Proposition 0·1 one presents the solution
to the Cauchy problem for (0·7) in the form

u(t, y) =
∞∑
j=0

Ij(t, y) = I0(t, y) + (FI0)(t, y) + (F2I0)(t, y) + · · · , (0·14)

where F is the integral operator acting by the formula

(Fφ)(t, y) = −i
∫ t

0
ds

∫
Rd
M (dv − y)g(t− s, y)f (v − y)φ(s, v) (0·15)

and

g(t, y) = exp{−it(y, y)/2}, I0 = g(t, y)u0(y).

Clearly the terms of (0·14) can be obtained from the corresponding terms of (0·11)
and (0·12) by a trivial linear change of the variables of integration. Consequently,
if (0·14) or (0·11)–(0·12) is absolutely convergent and all its terms are absolutely
convergent integrals, as is clearly the case under the assumptions of Proposition 0·1,
one obtains representation (0·10) (and therefore (0·8)) for the solution u(t, x).

0·4. Regularization by introducing complex times or continuous non-demolition obser-
vation

The first objective of this paper, which is carried out in Section 1, is to generalize
Proposition 0·1, or more precisely, representation (0·11), to a wider class of poten-
tials. In general, however, the terms of (0·14) would not be absolutely convergent
integrals, or, even worse, (0·14) would not be convergent at all. To deal with this
situation, one has to use some regularizations of the Schrödinger equation. In our
approach, this regularization will be of the same kind as is used to define standard
finite-dimensional (but not absolutely convergent) integrals. The most relevant finite-
dimensional example (which motivates our approach to the corresponding infinite-
dimensional integral) is the integral

(U0f )(x) = (2πti)−d/2
∫

Rd
exp

{
−|x− ξ|

2

2ti

}
f (ξ)dξ (0·16)
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defining the free propagator eit∆/2f . This integral may be not well defined for a
general f ∈ l2(Rd). One of the ways to define this integral is based on the observation
that according to the spectral theorem

eit∆/2f = lim
ε→0+

eit(1−iε)∆/2f (0·17)

in L2(Rd) for all t > 0 (i.e. one can approximate real times t by complex times
t(1− iε)). Since

(eit(1−iε)∆/2f )(x) = (2πt(i + ε))−d/2
∫

Rd
exp

{
− |x− ξ|

2

2t(i + ε)

}
f (ξ) dξ

and the integral on the right-hand side of this equation is already absolutely con-
vergent for all f ⊂ L2(Rd), one can define the integral in (0·16) by the formula

(U0f )(x) = lim
ε→0+

(2πt(i + ε))−d/2
∫

Rd
exp

{
− |x− ξ|

2

2t(i + ε)

}
f (ξ) dξ. (0·18)

We shall use the same approach for Feynman’s integral. Namely, if the operator
−∆/2 + V (x) is self-adjoint and bounded from below, by the spectral theorem

exp{it(∆/2− V (x))}f = lim
ε→0+

exp{it(1− iε)(∆/2− V (x))}f, (0·19)

where the limit is understood in the sense of the strong convergence. In other words,
solutions to (0·6) can be approximated by the solutions to the regularized equation

∂ψ

∂t
= 1

2 (i + ε)∆ψ − (i + ε)V (x)ψ, (0·20)

i.e. to the Schrödinger equation in complex time. Clearly the corresponding integral
equation (analogue of (0·6′)) can be obtained from (0·6′) by replacing there i to i+ ε
everywhere. It has the form

ψ(t) = e(i+ε)∆t/2ψ0 − (i + ε)
∫ t

0
e(i+ε)∆(t−s)/2V ψ(s) ds. (0·20′)

If ψ satisfies (0·20), its Fourier transform u satisfies the equation

∂u

∂t
= − 1

2 (i + ε)y2u− (i + ε)V
(

1
i

∂

∂y

)
u. (0·21)

In this paper we shall define a measure on a path space such that for any ε > 0 and
for rather general class of potentials V , the solution exp{it(1− iε)(∆/2−V (x))}u0 to
the Cauchy problem of (0·20) can be expressed as the Lebesgue (or even the Riemann)
integral of some functional Fε with respect to this measure, which would give a rigor-
ous definition (analogous to (0·18)) of an improper Riemann integral corresponding
to the case ε = 0, i.e. to (0·6). Therefore, unlike the usual method of analytical
continuation often used for defining Feynman’s integral, where rigorous integral is
defined only for purely imaginary Planck’s constant h and for real h the integral is
defined as the analytical continuation by rotating h through the right angle, in our
approach, the (positive σ-finite) measure is rigorously defined and is the same for all
complex h with a non-negative real part, and only on the boundary Imh = 0 the
corresponding integral usually becomes an improper Riemann’s integral.

Surely, the idea to use (0·20) as an appropriate regularization for defining Feyn-
man’s integral is not new and goes back at least to the paper [GY]. However, this
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was not carried out there, because, as it turned out (see e.g. [RS]), there exist no
direct generalizations of the Wiener measure that could be used to define Feynman’s
integral for (0·20) for any real ε. Here we shall carry out this regularization using a
measure which differs essentially from the Wiener measure.

Equation (0·20) is certainly only one of many different ways to regularize Feyn-
man’s integral (in the same way as (0·18) does not present a unique reasonable
method of regularizing integral (0·16)). However, this method is one of the simplest,
because the limit (0·19) follows directly from the spectral theory, and other methods
may require an additional work to obtain the corresponding convergence result. As
another regularization to (0·6) one can take, for instance, the equation

∂ψ

∂t
= 1

2 (i + ε)∆ψ − iV (x)ψ, (0·22)

which means the introduction of a complex mass.
A more physically motivated regularization can be obtained from the theory of

continuous quantum measurement. Though technically the work with this regu-
larization is more difficult than with the regularization based on (0.20), we shall
describe it, because, firstly, Feynman’s integral representation for continuously ob-
served quantum system is a matter of independent interest (see e.g. [Me1], where
heuristic Feynman’s integral was first applied to continuously observed quantum
systems), and secondly, the idea to use the theory of continuous observation for reg-
ularization of Feynman’s integral was already discussed in physical literature (see
[Me2] or even earlier comments in [F]) and it is interesting to give to this idea a
rigorous mathematical justification. The idea behind this approach lies in the obser-
vation that in the process of continuous non-demolition quantum measurement a
spontaneous collapse of quantum states occurs (see e.g. [Di, BS, K4]), which gives
a sort of regularization for large x (or large momenta p) divergences of Feynman’s
integral.

As is well known, the standard Schrödinger equation describes an isolated quan-
tum system. In quantum theory of open systems one considers a quantum system
under observation in a quantum environment (reservoir). This leads to a generaliz-
ation of the Schrödinger equation, which is called stochastic Schrödinger equation
(SSE), or quantum state diffusion model, or Belavkin’s quantum filtering equation
(it was first obtained in the general form in [B], in the framework of the quantum
filtering theory), see e.g. discussions and reviews in [BHH] or [QO]. In the case of a
non-demolition measurement of diffusion type, the SSE has the form

du + (iH + 1
2λ

2R?R)u dt = λRudW, (0·23)

where u is the unknown aposterior (non-normalized) wave function of the given con-
tinuously observed quantum system in a Hilbert space H, the self-adjoint operator
H = H? in H is the Hamiltonian of a free (non-observed) quantum system, the
vector-valued operator R = (R1, . . . , Rd) in H stands for the observed physical val-
ues, W is the standard d-dimensional Brownian motion, and the positive constant
λ stands for the precision of measurement. The simplest natural examples of (0·23)
concern the case when H is the standard quantum mechanical Hamiltonian and
the observed physical value R is either position or momentum of the particle. The
path integral representation of the corresponding equation in the first case is given in
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[AKS1, AKS2] and [K1], where the path integral was defined in the spirit of the ap-
proach from [AH]. Here we shall consider the second case, i.e. when R stands for the
momentum of the particle (and therefore one models a continuous non-demolition
observation of the momentum of a quantum particle) and therefore when SSE (0·23)
takes the form

dψ =
(

1
2

(
i +

λ

2

)
∆ψ − iV (x)ψ

)
dt +

1
i

√
λ

2
∂

∂x
ψdW. (0·24)

As λ→ 0, (0.24) turns to the standard Schrödinger equation (0.6). If ψ satisfies SSE
(0.24), the equation on the Fourier transform u(y) of ψ clearly has the form

du =
(
−1

2

(
i +

λ

2

)
y2u− iV

(
1
i

∂

∂y

)
u

)
dt +

√
λ

2
yu dW. (0·25)

By Ito’s formula, the solution to this equation with initial function u0 and with
vanishing potential V equals gWλ (t, y)u0(t, y) with

gWλ (t, y) = gW (t)
λ (t, y) = exp

{
− 1

2 (i + λ)y2t +

√
λ

2
yW (t)

}
(0·26)

and therefore the analogy of (0·6′) corresponding to (0·25) has the form

u(t, y) = gW (t)
λ (t, y)u0 − i

∫ t

0
gW (t)−W (s)
λ (t− s, .)V

(
−1
i

∂

∂y

)
gW (s)
λ (t, .)u(s, .) ds. (0·27)

The result of Proposition 0·1 can be straightforwardly generalized to the case of
(0·25) and (0·27). What is more interesting, for λ > 0 representation (0·10) of the
solutions in terms of path integral holds for essentially more general potentials than
for the standard Schrödinger equation itself. Therefore, equation with λ > 0 can
serve as a regularization for the standard Schrödinger equation with λ = 0.

0·5. Content of the paper

In Section 1 we are going to obtain the path integral representation for the sol-
utions of (0·21) and (0·26) for rather general scattering potentials V , including the
Coulomb potential.

The momentum representation for wave functions is known to be usually con-
venient for the study of interacting quantum fields. In quantum mechanics, how-
ever, one usually deals with the Schrödinger equation in x-representation. Therefore,
it is desirable to write down Feynman’s integral representation directly for (0·6).
The rest of our paper, namely Sections 2–4, are devoted to the path integral in x-
representation. Since in p-representation our measure is concentrated on the space
PC of piecewise constant paths, and since, classically, trajectories x(t) and momenta
p(t) are connected by the equation ẋ = p, one can expect that in x-representation the
correspondonding measure is concentrated on the set of continuous piecewise linear
paths. This measure and the corresponding Feynman’s integral will be constructed
in Sections 2 and 3 for (0·6) with bounded potentials and also for a class of singular
potentials. It will be shown there also how to generalize these results in order to be
able to include the case of harmonic oscillator.

In Section 4 we give an alternative Feynman’s integral representation for the
solutions of stochastic heat and Schrödinger equations, which express the solutions to
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these equations in the form of an integral of the exponential of the classical action on
paths and which shows clearly the connection with the semiclassical approximation.
This representation is valid for a wide class of smooth potentials. For conclusion, we
discuss shortly a Fock space representation of our path integral, which, on the one
hand, puts it in the familiar framework of quantum stochastic calculus, and on the
other hand, leads to its various representations as an expectation with respect to the
Wiener, Poisson or general Lévy process.

1. Path integral for the Schrödinger equation in p-representation

Let V have form (0·1) (in the sense of distributions) with M being the Lebesgue
measure MLeb and f ∈ L1 +Lq, i.e. f = f1 + f2 with f1 ∈ L1, f2 ∈ Lq, with q from the
interval (1, d/(d− 2)), d > 2. Notice that this class of potentials includes the case of
Coulomb potential V (x) = |x|−1 in R3, because for this case f (y) = |y|−2. Let MPC

Leb

be the measure on PCy(t) constructed from the Lebesgue measure MLeb according
to the construction of Subsection 0·2 of the Introduction.

Proposition 1·1. Under given assumptions on V there exists a (strong) solution
u(t, x) to the Cauchy problem of (0·21) and (0·25) with initial data u0, which is given in
terms of Feynman’s integral of type (0·10), more precisely

u(t, y) =
∫
PCy(t)

MPC
Leb (dY (.))F (Y (.))u0(Y (t)), (1·1)

where, if Y is parametrized as in (0·5),

F (Y (.)) = Fε(Y (.)) = exp

{
− 1

2 (i + ε)
n∑
j=0

Y 2
j (sj+1 − sj)

}
n∏
j=1

(−i(1− iε)f (δj)) (1·2)

for the case of (0·21) and

F (Y (.)) = FWλ (Y (.))

= exp

{
−

n∑
j=0

[
i + λ

2
Y 2
j (sj+1 − sj)−

√
λ

2
Yj(W (sj+1)−W (sj))

]}
n∏
j=1

(−if (δj))

(1·3)

for the case of (0·25).

Proof. Since the proof for (0·21) and (0·25) are quite similar, let us consider only
the case of (0·25). As is explained in the Introduction, it is sufficient to prove that
for any bounded continuous function φ the integral (0·15) with g = gWλ from (0·26) is
absolutely convergent (almost surely), and moreover, the corresponding series (0·14)
is absolutely convergent. To this end, consider the integral

J =
∫

Rd
|f (v − y)|gWλ (t, y) dy.

Clearly, the function gWλ is bounded (for a.a. W ) for times from any fixed interval of
the positive half-line, and for small t

sup
y

{|g(t, y)|} = exp{W 2(t)/4t} 6 exp{log | log t|/2} =
√
| log t|, (1·4)
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due to the well known log log law for Brownian motion W . Hence, by assumptions
on f and due to the Hölder inequality

J = O(
√
| log t|) +O(1)‖gWλ (t, .)‖Lp ,

where p−1 + q−1 = 1. Since

‖gWλ (t, .)‖pLp =
(

2π
pλt

)d/2

exp
{
pW 2(t)

4t

}
,

it follows that J is bounded for t from any finite interval of the positive half-line, and
J = O(λt)−d/2p

√| log t| for small t. Since the condition q < d/(d − 2) is equivalent
to the condition p > d/2, there exists an ε ∈ (0, 1) such that J 6 C((λt)−(1−ε)).
Moreover, clearly I0(t, y) = g(t, y)u0(y) does not exceed Kt−ε for some constant K.
We can now easily estimate the terms of series (0·14). Namely, we have

|FI0(t, y)| 6 KCλ−(1−ε)
∫ t

0
(t− s)−(1−ε)s−ε ds = KCλ−(1−ε)B(ε, 1− ε),

where B denotes the Euler β-function. Similarly,

|F2I0(t, y)| 6 λ−2(1−ε)B(ε, 1− ε)KC2
∫ t

0
(t− s)−(1−ε)ds = B(ε, 1− ε)B(ε, 1)KC2tε.

By induction we obtain the estimate

|FkI0(t, y)| 6 KCkλ−k(1−ε)t(k−1)εB(ε, 1− ε)B(ε, 1) · · ·B(ε, 1 + (k − 2)ε).

Using the representation of the β-function in terms of Γ-function, one gets that the
terms of series (0·14) are of order tkε/Γ(1 +kε), which implies the convergence of this
series for all t. Since we estimate all functions by their magnitude, we proved also
that all terms of series (0·14) are absolutely convergent integrals, and that this series
converges absolutely.

It is well known that under the assumptions of Proposition 1·1 the operator
−∆/2 + V (x) is self-adjoint and bounded from below (see e.g. [CFKS]). Therefore,
due to (0·19), the following result is a direct consequence of Proposition 1·1.

Proposition 1·2. Assume the assumptions of Proposition 1·2 hold. Then for any
u0 ∈ L∞ w L2, the solution to (0·6) is given by the improper Feynman’s integral (0·10),
which should be understood rigorously as

u(t, y) = lim
ε→0

∫
PCy(t)

MPC
Leb (dY (.))Fε(Y (.))u0(Y (t)), (1·5)

where the limit is understood in the sense of L2-convergence.

As the convergence of the solutions of (0·25) to the solutions of the ordinary
Schrödinger equation (0·6) (similar to (0·19)) seems to be unknown, the use of (0·25)
to obtain a regularization for Feynman’s integral of (0·6) similar to (1·4) requires
some additional work. This seems possible to do under the assumptions of Prop-
osition 1·2 using the technique from [Y]. But we shall restrict ourselves here to the
case of bounded potential, which will be used also in the next section. Notice that we
prove now this result using p-representation, but it automatically implies the same
fact for the Schrödinger equation in x-representation.
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Proposition 1·3. Let V be a bounded measurable function. Then for any u0 ∈ L2(Rd)

the solution uWλ of (0·27) (which obviously exists and is unique, see details in Section 2)
tends (almost surely) in L2-sense to the solution of this equation with λ = 0 as λ→ 0.

Proof. Due to the semigroup property of the solutions, it is clearly enough to
prove the statement for small times. Using the boundedness of all operators on the
right-hand side of (0·27) and (1·4), one obtains that

‖uWλ − u‖ 6 ‖gWλ (t, y)u0 − gW0 (t, y)u0‖ +O(t)| log t|‖uWλ − u‖
= O(t)| log t|‖uWλ − u‖ + o(λ),

where o(λ) is uniform with respect to finite times t. Since O(t)| log t| < 1 for small
enough t, it follows that ‖uWλ − u‖ = o(λ) for small t, which proves the statement of
the proposition.

Corollary. If V is a bounded function, and the assumptions of Proposition 1·1 hold,
then the solution to (0·7) can be presented in the form

u(t, y) = lim
λ→0

∫
PCy(t)

MPC
Leb (dY (.))FWλ (Y (.))u0(Y (t)), (1·6)

where the limit is again understood in the L2-sense.

2. Path integral for the Schrödinger equation in x-representation

As we mentioned in the Introduction, we are going to deal here with measures
that are concentrated on the set of continuous piecewise linear paths. Denote this
set by CPL. Let CPLx,y(0, t) denote the class of paths q: [0, t] 7→ Rd from CPL
joining x and y in time t, i.e. such that q(0) = x, q(t) = y. By CPLx,yn (0, t) we denote
its subclass consisting of all paths from CPLx,y(0, t) that have exactly n jumps of
their derivative. Obviously,

CPLx,y(0, t) =
∞⋃
n=0

CPLx,yn (0, t).

To any σ-finite measure M on Rd corresponds a unique σ-finite measure MCPL

on CPLx,y(0, t), which is the sum of the measures MCPL
n on CPLx,yn (0, t), where

MCPL
0 is just the unit measure on the one-point set CPLx,y0 (0, t) and each MCPL

n ,
n > 0, is the direct product of the Lebesgue measure on the moments of jumps
0 < s1 < · · · < sn < t of the derivatives of the paths q(.) and of the n copies of the
measure M on the values q(sj) of the paths at these moments. In other words, if

q(s) = qs1···sn
η1···ηn(s) = ηj + (s− sj)ηj+1 − ηj

sj+1 − sj , s ∈ [sj , sj+1] (2·1)

(where it is assumed that s0 = 0, sn+1 = t, η0 = x, ηn+1 = y) is a typical path from
CPLx,yn (0, t) and Φ is a functional on CPLx,y(0, t), then∫

CPLx,y(0,t)
Φ(q(.))MCPL(dq(.)) =

∞∑
n=0

∫
CPLx,yn (0,t)

Φ(q(.))MCPL
n (dq(.))

=
∞∑
n=0

∫
Simnt

ds1 · · · dsn
∫

Rd
· · ·
∫

Rd
M (dη1) · · ·M (dηn)Φ(q(.)). (2·2)
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Remark. Nothing is changed if CPLx,yn (0, t) is defined as the set of paths with

no more than n jumps of their derivative. In fact, the measure MCPL
n of the subset

CPLx,yn−1(0, t) ⊂ CPLx,yn (0, t) vanishes anyway, because if there is no jump, say, at the
moment sj it means that (ηj − ηj−1)(sj+1 − sj−1) = (ηj+1 − ηj−1)(sj − sj−1), therefore
sj can be only one point, and the Lebesgue measure has no atoms.

To express the solutions to the Schrödinger equation in terms of path integral
we shall use the following functionals on CPLx,y(0, t) depending on any measurable
function V on Rd:

Φε(q(.))

=
n+1∏
j=1

(2π(sj − sj−1)(i + ε))−d/2 exp

{
−

n+1∑
j=1

|ηj − ηj−1|2
2(i + ε)(sj − sj−1)

}
n∏
j=1

(−(i + ε)V (ηj))

=
n+1∏
j=1

(2π(sj − sj−1)(i + ε))−d/2
n∏
j=1

(−(i + ε)V (ηj)) exp
{
− 1

2(i + ε)

∫ t

0
q̇2(s) ds

}
,

(2·3)

and

ΦW
λ (q(.)) =

n+1∏
j=1

(2π(sj − sj−1)(i + λ))−d/2

× exp

{
−

n+1∑
j=1

(ηj − ηj−1 − i
√

(λ/2)(W (sj)−W (sj−1))2

2(i + λ)(sj − sj−1)

}
n∏
j=1

(−iV (ηj)). (2·4)

As in Section 1, we shall denote by MLeb the Lebesgue measure on Rd and by MCPL
Leb

the corresponding measure on CPL(0, t).

Proposition 2·1. Let V be any bounded measurable function on Rd. Then for any
ε > 0, or any λ > 0 and a.a. Wiener trajectories W there exists a unique solution
Gε(t, x, x0) or GWλ (t, x, x0) to the Cauchy problem of (0·20) or (0·24) respectively with
the Dirac initial data δ(x−x0), i.e. the Green function for these equations. These solutions
are uniformly bounded for all (x, x0) and t from any compact interval of the open half-line
and they are expressed in terms of path integral as follows:

Gε(t, x, x0) =
∫
CPLx,y(0,t)

Φε(q(.))MCPL
Leb (dq(.)), (2·5)

GWλ (t, x, x0) =
∫
CPLx,y(0,t)

ΦW
λ (q(.))MCPL

Leb (dq(.)), (2·6)

with Φε and ΦW
λ from (2·3) and (2·4). For any ψ0 ∈ L2(Rd) the solution ψ0(t, s) of

the Cauchy problem for (0·6) with the initial data ψ0 has the form of an improper (not
absolutely convergent) path integral that can be understood rigorously as either

ψ(t, x) = lim
ε→0+

∫
CPLx,y(0,t)

∫
Rd
ψ0(y)Φε(q(.))MCPL

Leb (dq(.))dy, (2·7)
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or (almost surely) as

ψ(t, x) = lim
λ→0+

∫
CPLx,y(0,t)

∫
Rd
ψ0(y)ΦW

λ (q(.))MCPL
Leb (dq(.))dy, (2·8)

where both limits are understood in L2-sense.

Proof. Formulas (2·7) and (2·8) follow from (2·5), (2·6), (0·19) and Proposition 1·3.
The proofs of (2·5) and (2·6) are similar and we shall prove only (2·5). To this end, no-
tice that the analogue of (0·13) for the case of (0·20) has form (0·13) with i substituted
by (i+ε) everywhere. In particular, for the Green function one has the representation

Gε(t, x, x0) = Gfree
ε (t, x, x0)−(i+ε)

∫ t

0

∫
Rd
Gfree
ε (t−s, x−η)V (η)Gfree

ε (s, η−x0) dηds+· · · ,
(2·9)

where Gfree
ε is the Green function of the ‘free’ (0.20) (i.e. with V = 0):

Gfree
ε (t, x− x0) = (2πt(i + ε))−d/2 exp

{
− (x− x0)2

2(i + ε)t

}
.

To prove (2·5) one needs to prove that the terms of this series are absolutely conver-
gent integrals and the series is absolutely convergent with a bounded sum. This is
more or less straightforward. Namely, to prove that the second integral in this series
is absolutely convergent, we must estimate the integral

J(t, x)

=
∫ t

0

∫
Rd
|2π(i + ε)|−d((t− s)s)−d/2

∣∣∣∣exp
{
− (x− η)2

2(t− s)(i + ε)
− (η − x0)2

2s(i + ε)

}∣∣∣∣ ds dη
=
∫ t

0

∫
Rd

(2π
√

1 + ε2)−d((t− s)s)−d/2 exp
{
− ε

2(1 + ε2)

[
(x− η)2

t− s +
(η− x0)2

s

]}
ds dη.

This is a Gaussian integral in η which is calculated explicitly by well known formulas
to give

J = t(2πεt)−d/2 exp
{
−ε(x− x0)2

2(1 + ε2)t

}
.

Using induction and similar calculations we get for the nth term of series (2.9) the
estimate

C(2πt)−d/2(tε−d/2)k/k!

with some constant C. This completes the proof of Proposition 2·1.
Now we are going to show how to modify the formulas obtained in the case of

harmonic oscillator. Instead of (0·6), let us consider the equation

∂ψ

∂t
=
i

2
∆ψ − i

2
x2 − iV (x)ψ, (2·10)

where V is again a bounded measurable function, and the corresponding equation
in complex times:

∂ψ

∂t
= (i + ε)[ 1

2∆ψ − 1
2x

2 − V (x)]ψ. (2·11)

The analogue of (2·9) in this case is the following representation for the Green
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function Gε of equation (2·11):

Gε(t, x, x0) = Gosc
ε (t, x, x0)−(i+ε)

∫ t

0

∫
Rd
Gosc
ε (t−s, x−η)V (η)Gosc

ε (s, η−x0) dη ds+· · · ,
(2·12)

where Gosc
ε is the Green function of (2·11) with V = 0, i.e. the Green function of a

quantum oscillator (in complex times):

Gosc
ε (t, x− x0) = (2π sinh(t(i + ε)))−d/2 exp{(i + ε)Si+ε(t, x, x0)}, (2·13)

where the two-point function

Si+ε(t, x, x0) = − (x2 + x2
0) cosh (t(i + ε))− 2xx0

2(i + ε) sinh(t(i + ε))

is the classical action

Si+ε(t, x, x0) =
∫ t

0
(p(s)ẋ(s)−H(x(s), p(s))) ds

with the complex Hamiltonian

H = −(i + ε)2p2/2 + x2/2 (2·14)

along the (unique) solution (x(s), p(s)) of the corresponding Hamiltonian system
joining x0 and x in time t. Acting as in the proof of Proposition 2·1 one obtains
similarly the following result (we consider here only the regularization by means
of the introduction of a complex time, the regularization by means of continuous
observations can be considered quite similarly).

Proposition 2·2. Let V be any bounded measurable function on Rd. Then for any
ε > 0, the solution Gε(t, x, x0) to the Cauchy problem of (2·11) with the Dirac initial
data δ(x−x0), i.e. the Green function for this equation can be expressed in terms of path
integral as follows:

Gε(t, x, x0) =
∫
CPLx,y(0,t)

Φε(q(.))MCPL
Leb (dq(.)), (2·15)

with

Φε(q(.)) =
n+1∏
j=1

(2π sinh((sj − sj−1)(i + ε)))−d/2
n∏
j=1

(−(i + ε)V (ηj))

× exp

{
(i + ε)

n+1∑
j=1

Si+ε(sj − sj−1, ηj , ηj−1)

}
. (2·16)

For any ψ0 ∈ L2(Rd) the solution ψ0(t, s) of the Cauchy problem for (2·10) with the
initial data ψ0 has the form

ψ(t, x) = lim
ε→0+

∫
CPLx,y(0,t)

∫
Rd
ψ0(y)Φε(q(.))MCPL

Leb (dq(.))dy, (2·17)

where the limit is understood in L2-sense.

In Proposition 2·1, the integrand in the path integral has the form of the expo-
nential of the classical action of the free particle multiplied by a certain density
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depending on the perturbation V , see (2·3). Similar representation can be given in
the case of (2·10). However, in order to interpret the sum

n+1∑
j=1

Si+ε(sj − sj−1, ηj , ηj−1) (2·18)

as the action along a path, one should modify the path space. Namely, the path
space must be defined as the set of continuous piecewise classical complex trajecto-
ries (by classical trajectories it is meant here the projections on the x-space of the
solutions of the Hamiltonian system with the complex Hamiltonian (2·14) and with
real end-points). This new path space is again parametrized by the turning points
s1 < · · · < sn and the values of the paths at these moments. Therefore, (2·15)–(2·17)
remain the same, but the corresponding measure is now concentrated on the new
path space, where the sum (2·18) is exactly the action along the corresponding path.
Notice that as ε → 0, the action Si+ε tends to the standard real action along the
trajectories of the standard real harmonic oscillator described by the Hamiltonian
p2/2 + x2/2.

Measures concentrated on piecewise classical paths are considered in more gener-
ality in Section 4.

3. Singular potentials

A study of Schrödinger equations with singular potentials was started in [BF].
Recently there was an increase of interest in singular potentials (see e.g. [ABD,
AFHKL, Ko] and references therein). Let us consider them from the point of view
of path integral constructed here. Notice that solutions to the Schrödinger equation
with a certain class of singular potentials can be constructed by Feynman’s integral
defined as a generalized functional in Hida’s white noise space [HKPS].

The one-dimensional situation turns out to be of special simplicity in our ap-
proach, because in this case no regularization is needed to express the solutions to
the corresponding Schrödinger equation and its propagator in terms of path integral.

Proposition 3·1. Let V be a bounded measure on R. Then the solution ψG to equation
(0·6′) with the initial function ψ0(x) = δ(x−x0) (i.e. the propagator or the Green function
of (0·6)) exists and is a continuous function of the form

ψG(t, x) = (2πit)−
1
2 exp

{
−|x− x0|2

2ti

}
+O(1) (3·1)

uniformly for finite times. Moreover, one has the path integral representation for ψG of
the form

ψG(t, x) =
∫
CPLx,y(0,t)

Φ(q(.))V CPL(dq(.)), (3·2)

where V CPL is constructed from V as MCPL from M in Section 2, and

Φ(q(.)) =
n+1∏
j=1

(2π(sj − sj−1)i)−
1
2 exp

{
− 1

2i

∫ t

0
q̇2(s) ds

}
.

Proof. Since V is a finite measure, in order to prove that the terms of the series in
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square brackets in (0·13), i.e. (2·9) with ε = 0 (which expresses the Green function)
are absolutely convergent, one needs to estimate the integrals∫ t

0
ds1 (2π(t− s1))−

1
2

∫ s1

0
ds2 (2π(s1 − s2))−

1
2 · · ·

∫ sn−1

0
dsn(2πsn)−

1
2 ,

which clearly exist (one-dimensional effect!) and are expressed explicitly by the Euler
β-function. One sees directly that the corresponding series is convergent, which com-
pletes the proof.

For the finite-dimensional case one needs regularization, say (0·20) or (0·24). For
simplicity we consider here only the regularization by (0·20).

Proposition 3·2. Let V be a finite measure on Rd with an additional property that∫
|x−x0|6R

V (dx) 6 CRα (3·3)

for all x0 and R and with some constants C and α > d − 2. Then for any ε > 0 and
any bounded initial function ψ0 ∈ L2(Rd) there exists a unique solution ψε(t, x) to the
Cauchy problem of (0·20′) with the initial data ψ0(x). This solution has the form

ψε(t, x) =
∫
CPLx,y(0,t)

∫
Rd
ψ0(y)Φε(q(.))V CPL(dq(.))dy, (3·4)

where

Φε =
n+1∏
j=1

(2π(sj − sj−1)(i + ε))−d/2(−(ε + i))n exp
{
− 1

2(i + ε)

∫ t

0
q̇2(s) ds

}
.

Proof. One needs to prove that the terms of the series (0·13), but with (i + ε)
instead of i everywhere, are absolutely convergent integrals, and then to estimate the
corresponding series. Starting with the first non-trivial term one needs to estimate
the integral

J = K

∫ t

0

∫
R2d

|2π(i + ε)|−d((t− s)s)−d/2

×
∣∣∣∣exp

{
− (x− ξ)2

2(t− s)(i + ε)
− (ξ − η)2

2s(i + ε)

}∣∣∣∣ ds dη|V |(dξ).
= K

∫ t

0

∫
R2d

(2π
√

1 + ε2)−d((t− s)s)−d/2 exp
{
−ε (x− ξ)2

2(t− s)(1 + ε2)

}
× exp

{
−ε (ξ − η)2

2s(1 + ε2)

}
ds |V |(dξ)dη,

where K = sup{|ψ0(η)|}. Integrating in η yields

J 6 K
∫ t

0
(2π
√

1 + ε2)−d/2(t− s)−d/2 exp
{
−ε (x− ξ)2

2(t− s)(1 + ε2)

}
ε−d/2 ds |V |(dξ).

Let us decompose this integral into the sum J1 +J2 of the integrals over the domains
D1 and D2 with

D1 =
{
ξ: |x− ξ| 6 (t− s)−δ+ 1

2

}
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and D2 being its complement. Choosing δ > 0 such that α(−δ + 1/2) − d/2 > −1
(which is possible due to the assumption on α) we get from (3·3) that

J1 6 KC
∫ t

0
(2π
√

1 + ε2)−d/2(t− s)α(−δ+ 1
2 )−d/2 ds

= KC(1 + α(−δ + 1
2 )− d/2)−1(2π

√
1 + ε2)−d/2t1+α(−δ+ 1

2 )−d/2.

In D2 the integrand is a uniformly exponentially small function, and therefore using
the boundedness of the measure |V | we obtain for J2 even better estimate as for J1.
Other terms are again estimated by induction, which gives the required result.

Due to (0·19), the following result is a consequence of Proposition 3·2.

Proposition 3·3. Assume the assumptions of Proposition 3·2 holds. If the operator
−∆/2 + V is self-adjoint and bounded from below, then one can take lim ε→0 in (3·4) (as
usual, in L2-sense) to obtain the solutions to (0·6).

The simplest examples of singular potentials satisfying the assumptions of Propo-
sition 3·3 are given by the potentials being the finite sums of the Dirac measures
of closed hypersurfaces in Rd (see e.g. [AFHKL]). Moreover, if V satisfies the as-
sumptions of Proposition 3·2 and is a positive measure, then for small enough ε the
operator −∆ + εV is self-adjoint and bounded below (see again [AFHKL]), and
consequently the measure εV satisfies the assumptions of Proposition 3·3. At last,
the assumptions of Proposition 3·4 surely include the standard scattering potentials
from Lp(Rd) with p > d/2.

Let us note in conclusion that similar to the previous section, one can easily obtain
analogous results for the case of potentials of the form x2 + V (x) with V satisfying
assumptions of Proposition 3·2.

4. Integral over classical paths and a Fock space representation

In this section we answer first the following question: how to define a measure
on path space in such a way that the solutions to the heat or Schrödinger equation
could be expressed as the integrals of the function exp iS over this measure, where S
is the classical action along the paths. We shall give a precise result for the heat and
stochastic heat equations. The case of the Schrödinger and stochastic Schrödinger
equations will be considered from this point of view in [K3], and we reduce ourselves
here only to general comments.

At the end of the section, we discuss a Fock space representation of the measure
MCPC

Leb , which gives rise to a number of various representations of our path integral in
terms of the expectation with respect to a (generally speaking, infinite-dimensional)
Wiener process or to a more general Lévy process.

Consider the equation

h
∂u

∂t
=
h2

2
∆u− V (x)u, x ∈ Rd, t > 0, (4·1)

where h is a positive parameter (a parameter of semiclassical approximation) and
V is a smooth nonnegative function with bounded Hessian matrix: ‖V ′′(x)‖ 6 C
for some constant C and for all x. We are interested in the construction of the



370 Vassili N. Kolokoltsov
Green function (or, in an alternative terminology, the fundamental solution) of
(4·1), i.e. of its solution uG(t, x) = uG(t, x, ξ, h) with the Dirac initial condition
u(0, x) = δ(x− ξ).

Define the Hamiltonian H(x, p) = p2/2−V (x). The corresponding Lagrange func-
tionL (being the Legendre transform ofH with respect to the second variable) clearly
has the form L(x, v) = v2/2 + V (x). Let X(t, x, p), P (t, x, p) denote the solution of
the Hamiltonian system

ẋ = p, ṗ =
∂V

∂x
(4·2)

with the initial conditions X(0, x, p) = x, P (0, x, p) = p. It is known (see e.g. [M2]
or [KM]) that there exists a t0 such that det (∂X/∂p0)� 0 for all t 6 t0, and for all
x, ξ ∈ Rd there exists a unique solution of the Hamiltonian system (4·2) joining ξ
and x in times t, i.e. there exists a unique p0(t, x, ξ) such that X(t, ξ, p0(t, x, ξ)) = x.
As it follows then from the calculus of variations, on the curve X(s, ξ, p0(t, x, ξ)) the
action-functional

I(y(.)) =
∫ t

0
L(y(s), ẏ(s) ds =

∫ t

0
( 1

2 ẏ
2(s) + V (y(s))) ds (4·3)

defined for all continuous piecewise smooth curves y(s) with fixed endpoints y(0) = ξ
and y(t) = x attains its minimum S(t, x, ξ) (which is called sometimes the two-point
function for H). Let us introduce the Jacobian

J(t, x, ξ) = det
∂X

∂p
(t, ξ, p0(t, x, ξ)).

It is well known that the function

uasG (t, x, ξ, h) = (2πh)−d/2J(t, x, ξ)−
1
2 exp{−S(t, x, ξ)/h}

describes the exponential asymptotics to the Green function uG of (4·1). More pre-
cisely, it is proved in [DKM] that

uG(t, x) = uasG (t, x, ξ, h)(1 +O(ht3)),

where O(ht3) is uniform with respect to t 6 t0, x, ξ∈ Rd. The proof of this result
uses the Lévy method of reconstructing the exact fundamental solution from its ap-
proximation, which gives also a convergent series representation of this fundamental
solution, i.e. the following result:

Proposition 4·1 ([DKM, KM]). Suppose additionally that the third- and the fourth-
order derivatives of V are bounded in Rd. Then, for t 6 t0,

uG(t, x) = uasG (t, x, ξ, h) +
∞∑
k=1

uk(t, x, ξ, h) (4·4)

with

uk(t, x, ξ, h) = hk−1
∫
{0<s1<...,sk<t}

∫
Rdk

ds1 · · · dskdη1 · · · dηkuasG (t− sk, x, ηk)
×F (sk − sk−1, ηk, ηk−1) · · ·F (s2 − s1, η2, η1)F (s1, η1, ξ),
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where

F (t, x, ξ) =
1
2

∆(J(t, x, ξ)−
1
2 )

J(t, x, ξ)−
1
2

uasG (t, x, ξ, h) = O(t2)uasG (t, x, ξ, h) (4·5)

and O(t2) here is uniform with respect to all arguments.

It turns out that (4·4) can be easily rewritten in terms of a certain path integral.
In fact, similarly to Section 2, let us introduce the set CPC of continuous piece-
wise classical paths, i.e. such continuous paths that are smooth and satisfy classical
equations of motion (4·2) up to a finite number of points, where their derivatives
may have discontinuities of the first kind. Let CPCx,y(0, t) denote the class of paths
q: [0, t] 7→ Rd from CPL joining y and x in time t, i.e. such that q(0) = y, q(t) = x.
By CPCx,yn (0, t) we denote its subclass consisting of all paths from CPCx,y(0, t) that
have exactly n jumps of their derivative. Obviously, to any σ-finite measure M on
Rd corresponds a unique σ-finite measure MCPC on CPCx,y(0, t), which is the sum
of the measures MCPC

n on CPCx,yn (0, t), where MCPC
0 is just the unit measure on

the one-point set CPCx,y0 (0, t) and each MCPC
n , n > 0, is the direct product of the

Lebesgue measure on the moments of jumps 0 < s1 < · · · < sn < t of the derivatives
of the paths q(.) and of the n copies of the measure M on the values q(sj) of the
paths at these moments. In other words, if

qsη = qs1···sn
η1···ηn(s) ∈ CPCx,yn (0, t) (4·6)

denote the path that takes values ηj at the moments sj and is smooth and classical
between these moments of time, and Φ is a functional on CPLx,y(0, t), then∫

CPCx,y(0,t)
Φ(q(.))MCPC(dq(.)) =

∞∑
n=0

∫
CPCx,yn (0,t)

Φ(q(.))MCPC
n (dq(.))

=
∞∑
n=0

∫
Simnt

ds1 · · · dsn
∫

Rd
· · ·
∫

Rd
M (dη1) · · ·M (dηn)Φ(q(.)). (4·7)

We will use this construction only for the the case of measure M being the stan-
dard Lebesgue measure MLeb. Clearly, from Proposition 4.1 one obtains directly the
following result.

Proposition 4·2. Under the assumptions of Proposition 4·1

uG(t, x, y) =
∫
CPCx,y(0,t)

exp
{
−1
h
I(q(.))

}
Φsem(q(.))MCPC

Leb (dq(.)) (4·8)

where the ‘semiclassical density’ Φsem on a typical path (4·6) has the form

Φsem(qsη) = (2πh)−dn/2hnJ(t− sn, x, ηn)−
1
2

n∏
k=1

∆(J(sk − sk−1, ηk, ηk−1)−
1
2 ) (4·9)

where it is assumed that s0 = 0, η0 = y.

Hence the Green function is expressed as the integral of the functional
exp{−(1/h)I(q(.))} (exponential of the classical action) over the measure ΦsemM

CPC
Leb ,

which is actually a measure on the Cameron–Martin space of paths that are abso-
lutely continuous and have their derivatives in L2.
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Formula (4·8) can be easily generalized to the case of stochastic heat equation (or

Zakai’s filtering equation) of the form

du =
(
h

2
∆u− 1

h
V (x)u− 1

2x
2u

)
dt + xu dW, (4·10)

where dW = (dW 1, . . . , dW d) is the stochastic differential of the standard Brownian
motion in Rd and V is a smooth function. The semiclassical asymptotics to the
solutions of this equation were constructed by different methods in [K5] and [TZ].
Representation given in [K5] is quite similar to representation (4·4) and it implies
directly the following result.

Proposition 4·3. Let the derivatives of the second, third and fourth order of the func-
tion V be uniformly bounded in Rd. Then for t 6 t0 with some t0 the (random) Green
function for (4·10) can be expressed as a path integral in the following way:

uWG (t, x, y) =
∫
CPCx,y(0,t)

exp
{
−1
h
IW (q(.))

}
ΦW

sem(q(.))MCPC
Leb (dq(.)), (4·11)

where IW denotes the action along the trajectories of the stochastic Hamiltonian system{
dx = p dt,
dp = ((∂V/∂x) + 2hx) dt− h dW, (4·12)

and ΦW
sem has form (4·9) with the random Jacobian JW (i.e. the Jacobian along the

trajectories of system (4·12)) instead of J everywhere.

In [K1], in the case of analytic (at least locally, i.e. around the real plane)
potentials, the semiclassical approximation, similar to (4·4), was constructed to the
Green function of complex Schrödinger equations of type (0·21) or (0·24). This al-
lows one to generalize the results of Propositions 4·1 and 4·2 to the case of stochastic
Schrödinger equation and then, using as usual (0·19), to represent the solutions to
the Schrödinger equation itself as a regularized path integral of the exponential of
the classical action over a measure of the type ΦsemM

CPC
Leb , see details in [K3].

In the construction of path integral given above the measure on path spaces CPC
or CPL is quite different from the Wiener measure, because it is concentrated on
the set of almost everywhere differentiable paths. It turns out however that one can
rewrite this integral as a certain Wiener integral using the Wiener chaos decompo-
sition of the Wiener space and its Fock space representation. We shall show here
how it works for the case of one-dimensional heat or Schrödinger equation with the
point interaction.

Consider the (formal) heat equation

∂u

∂t
= (∆/2− δ(x))u, x ∈ R, (4·13)

which defines the bounded semigroup exp{t(∆/2− δ(x))}. The Green function or the
heat kernel uδG for this equation can be calculated explicitly (see e.g. [ABD] and
references therein). Using the obvious heat equation version of (3·2) (i.e. without
i everywhere) with V = δ and then rewriting this formula as the sum of finite-
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dimensional integrals we obtain for this heat kernel the following representation:

uδG(t, x, x0) =
∞∑
n=0

∫
Simnt

n+1∏
j=1

1√
2π(sj − sj−1)

exp
{
− x2

2(t− sn)
− x2

0

2s1

}
ds1 · · · dsn.

(4·14)
This is the integral over the set Simt =

⋃∞
n=0 Simn

t with the Lebesgue measure on each
Simn

t over a certain positive function g = {gn(s1, . . . , sn)}∞n=0 on this set. It is well
known (see e.g. [Mey]) that L2(Simt) is isomorphic to the Fock space Γ(L2([0, t]))
over L2([0, t]). Moreover, the Wiener chaos decomposition theorem states that if
dWs1 · · · dWsn denotes the n-dimensional stochastic Wiener differential, then to each
f = {fn} ∈ L2(Simt) corresponds the element f̃ ∈ L2(Ωt), where Ωt is the Wiener
space of continuous real functions on [0, t], by the formula

f̃ (W ) =
∞∑
n=0

∫
Simnt

fn(s1, . . . , sn) dWs1 · · · dWsn ,

and the mapping f 7→ f̃ is an isometric isomorphism. In particular,

E‖f̃‖2 = ‖f‖2
L2(Simt),

where E denotes the expectation with respect to the Wiener measure. Therefore,
(4·14) can be rewritten as an integral over the Wiener measure. The same can be
done for the case of Schrödinger equation. The difference is that the integrand in the
Schrödinger case is not positive, but a complex function, and should be represented
first as the sum of four positive functions with complex coefficients, and then each
of the four terms can be rewritten in terms of the Wiener expectation.

To conclude, let us comment on the probabilistic interpretation of the path in-
tegral in x-representation. The measure MCPL in (2·2) may well be not finite, for
example MCPL

Leb is not finite. But any Hilbert space can be represented as an L2

over a probability space. For example, the obvious isomorphism of L2(R, dx) with
L2(R, e−x

2/2dx) is very useful in many situations. In the same way, an integral over
MCPL

Leb can be rewritten as an integral over the probability space (up to a normal-
ization) (e−x

2/2dx)CPL. Thus one can always rewrite the integral from (2·2) as an
expectation of a certain stochastic process, which can be taken to be an integral
of the compound Poisson process that stands for the path integral formula for the
solutions to the Schrödinger equation in momentum representation.
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